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Network of characterizing functions for stationary populations
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A variety of open systems in nature and society exist under dynamic equilibrium, maintained by statistical
counterbalance between the entering and leaving of individuals and the stationarity of the exchange processes.
A network of functions characterizing the dynamics of such a stationary population is established and dis-
cussed, which allows the mutual transference of system properties without the need of any explicit information
about the microdynamic processes. In order to illustrate the potential benefit of these interdependence relations,
examples taken from diverse branches of rese@dborption and reaction kinetics, demographic analysis, and
coronary blood flow diagnosisare given[S1063-651X%99)11409-0

PACS numbsg(s): 05.60.Cd, 02.50.Fz, 87.16e, 87.19.Hh

I. INTRODUCTION may, starting from time=0, label the individuals entering
the system(in the case of molecules, e.g., by applying iso-
Let us consider a population of individuals within a con- topes. The tracer exchange curvey(t) is defined as the
fined system. Suppose that there are stationary processgsiative amount of labeled individuals within the system at
continuously exchanging individuals between this populationime t [in the medical literaturey(t) is referred to as the
and the system’s surrounding. Depending on the applicationyccumulation curve Since all individuals with residence
one may think of molecules temporarily adsorbed to S0M§mes smaller than the observation timesurely have been
surface, people entering and leaving a public building or ggpeled, the tracer exchange curve follows from the residence
social group, the volume elements of the fluid flowing ime gistribution by simple integratidiexpressior(3) in Fig.
through a biological tissue or a chemical device, advecte 1. In a more general sensg(t) gives the relative amount of
particles temporarily trapped in the vortices of a fluid, OFindividuals which were, as a consequence of the system’s

various other situations. For many questions, one is mteréxchange dynamics, replaced during a time spafinally,

ested in the statistics of the time spent among the popuIanr,Ehe individuals within the system may be assumed to be con-

in the evolution of the ratio between different species of ted i ibly f ies int i |
individuals, in the interplay between the exchange processevs.er ed irreversibly from one species into anotiiar mol-

and transitions from one species into another, etc. ecules, e.g., by a chemical reactiamithout changing their
exchange statistics. If the probability of such a transition

within a small time intervaldt is kdt (as in a first-order
reaction, then the probability that after a residence time

In order to describe the dynamics of the stationary exgiven individual still belongs to its initial species is
change of the individuals between the system and its sueXp(—k7). Averaging over the residence time distribution
roundings, two basic probability density functions may beyields the mean relative amount of the initial species within
introduced, theresidence time distributionp(7) and the the systemg(k), as given by expressio) in Fig. 1. (In
transit time distributiony (7). Per definitiong(7)d7 denotes  heterogeneous catalysis, this is the famefisctiveness fac-
the probability that an arbitrary individual within the system tor.) Mathematically, expressiofd) in Fig. 1 is simply a
has entered it a time between and 7+dr ago, while Laplace transform.
x(7)dr is the probability that an individual just leaving the  Although the four functions introduced so far describe
system has spent a time betweeand r+dr~ in its interior.  quite different features of a stationary population, they turn
These functions may uniquely be transferred into each othesut, thanks to their one-to-one relations summarized in Fig.
[1] by expressior(1) in Fig. 1. As a conventional means for 1, to be equivalent in their information about the system. For
experimentally determining the exchange dynamics, onghis reason we refer to them as “characterizing functions.”

Their importance is also due to the fact that they can be used
to predict the system’s response to external changes. If the
*Present address: Max-Planck-Institut Rhysik komplexer Sys- relative amount of a certain species among the individuals
teme, Nahnitzer Str. 38, D-01187 Dresden, Germany. Electronicenteringthe system is given by an arbitrary time function
address: roeden@mpipks-dresden.mpg.de oe(1), then the time evolution of the relative amowrit) of

Il. THE NETWORK OF CHARACTERIZING FUNCTIONS
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Transit time w(r) = T x(7) Modified transit
distribution x(r) Ttransit time distr. w(r)
2

Tracer exchange
curve ()

Residence time N Effectiveness
distribution ¢(7) <"(k) __/0 e p(r)dr factor n(k)
(4)

FIG. 1. The network of characterizing functions, interdependent by one-to-one reldtomfinitions, see text

this species among the populatisithin the system is found o
to be Tintra— fo [1—y(t)]dt. (6)
o(t)= waE(t_ ) e(7)dT. (1)  Atcloser view, this quantity has a much more general mean-
0 ing since it can be expressed as the first moment of the resi-

dence time distribution,
This is in fact a generalization of expressi() in Fig. 1.
Analogously, for the relative amount of the considered spe- jw
Tintra—

cies among théeavingindividuals, one has Te(7)dT, (7)

0

* or as the second moment of the transit time distribujién
ealt)= fo Ce(t=mx(7)dr. @ [1]. Thus, 7,4 NOt ONly describes a tracer exchanggf)rZ)cess
but provides, likera.sity @n intrinsic time scale of an open
These equations can, in turn, be used to calculate impowstationary system.
tant mean quantities. This shall be illustrated with the mean There is an interesting link with Feller's famousiting

transit time 746, defined as time paradoX3]. Transit times correspond to Feller’s inter-
arrival times(the time intervals between subsequent events

% of a stochastic point processwhile the residence time
Ttransit™ J 0 mx(7)dr. ) corresponds—up to unimportant time reversal—to Feller's

waiting time (the time interval between a given process-

Independently of the distributiog(7), this quantity relates independent observation timend the next arrival Indeed,

the (constant mean numbe¥ of individuals within the sys- if one substitutes the interarrival time distribution of the
tem (if volume elements are considered, this is the total vol-P0isson process considered by Feller into the transit time

. . . _ —aT _ _1
ume and the(constant mean flowl through the system via distribution, x(7)=ae (@="7yans), then from expres-
sion (1) in Fig. 1 and Eqgs(3) and(7) one easily obtains the

Toansi= V1. (4) surprising result for thg “mean waiting time” 7jya
= 1vansit- Feller had explained it by the fact that the obser-

To determine ryans; €Xperimentally, one may “inject” a vation time i_s more prqbable to fall into Ianger inf[erval
small number of labeled individuals into the entering onedetween arrivals. Consistently, if all interarrival times are

and measure the response functi@r(é) and ga(t). From  identical, x(7)=38(7— 7ians), the intuitive result 7y,
Egs.(1)—(3) it then follows that = Tyansi{2 beComes correct.

* IIl. EXAMPLES OF APPLICATION

- 5) Three special examples shall illustrate ways in which the
transit o(t) general relations presented abole similar ones, respec-
tively) can be exploited to answer concrete questions of re-
Here,t is an arbitrary observation time after the injection is search. At first, consider a finite array of particles which are
complete. Since thusonly refers to the measurement while able to diffuse along one dimension without having the pos-
Tuansit 1S, Of course, time-independent, E§) offers the ad-  sibility to pass each oth¢E]. An example of such a “single-
vantageous possibility to easily check for measuring erroréile system” is zeolitic adsorbate-adsobent systems of a one-
by varyingt. dimensional channel structur@.g., tetraflouromethane in
A similar quantity is the mean residence time, originally zeolite AIPQ-5) [6]. Since there is still no satisfactory ana-
defined for adsorbate-adsorbent systems via the tracer ekgical solution modeling the exchange dynamics, one has to
change curve as the mean intracrystalline lifetiiap resort to the more empirical results of Monte Carlo computer
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FIG. 2. Residence time distributiorib) and effectiveness fac- 03 | -
tors (c) as calculated from simulated tracer exchange cufaefor
three different adsorbate-adsorbent systems: normal diffisien, 01 r ]
single-file diffusion(——), and barrier-limited exchange {- - - -). 0.03 4 ! !

[All times are given in units of the mean intracrystalline lifetime 0.001 001 0.1
Tinwra @S €Xpressed by E¢7).] k

FIG. 3. Transit time distributiorib), residence time distribution
simulations. Figure @) shows a tracer exchange curve typi- (c), relative amount of new customed), and relative amount of
cal for a single-file systerfi7], compared with the analytical Strolling customers with empty trolleys in dependence on the as-
curves for systems ruled by normal diffusion or by transporSumed “buying rate”(e), calculated from the modified transit time
resistances at the surface. The residence time distributiorftiStribution (@), which was obtained from interviews with the cus-
and the effectiveness factors for the same cases are presen{@@ers of a shopping centéall times are given in minut¢sThe
in Figs. 2b) and 2c), this time calculated by the network mean time th_e customgrs spend W|th|_n the center is approximately
equations without the need of further time-expensive comZvansi170min as obtained from(7) via Ea. (3).
puter simulations. Similarly, a dramatic reduction of compu-
tation expense was possible on calculatifyg,. Instead of doors The “tracer exchange curvelFig. 3(d)] gives the
using its definition, Eq.(6), which requires simulating a relative amount of customers which have newly entered the
complete curvey(t) and averaging over a large number of center within the time. If the interest focuses on the stroll-
systems, one may calculatg, via Eq.(7) as a time aver- ing customers, even the “effectiveness factdifig. 3e)]
age of residence times of just a single sys{@hn allows an interpretation. As a crude approximation of the

A special tracer exchange experiment is the tracer desorpather complex behavior of customers, one might assume
tion ZLC (zero length columntechnique 9], measuring the that they buy, stimulated by some display, incidentally with
time derivativeof y(t) of an adsorbate-adsorbent system.an (unknown ratek (i.e., on average once in timek}/ The
According to a hypothesis coined in Rgt0], one should be quantity (k) would then give the(observablg relative
able to discriminate between normal and single-file diffusionamount of customers with a still empty shopping cart.
by whether the logarithmic long-time tail of this response  Our final example concerns the blood flow in the coronary
curve is straight or benias suggested by the different time arteries, being of high diagnostic value. As a well validated
behavior of the mean square displacement of tagged pamethod, digital subtraction coronary angiograghy] (in-
ticles). Since, however, due to expressi8) in Fig. 1, the jecting a small bolus of a contrast medium into the influx
time derivative of y(t) is merely ¢(7), Fig. 2b) clearly  blood and measuring its concentration within the perfused
disproves this hypothesis: Identicalbl] curves tend asymp- myocardium via x-ray extinctiondetermines the ratio of
totically to single exponentials. maximal coronary flow(stimulated by vasodilatatory drugs

The second example demonstrates that the relevance td resting flow, known agoronary flow reservg13]. The
the network reaches beyond typical physics. Figute) 3 absoluteflow, however, can only be measured by methods
shows the result of interviews with the customers of one ofsuch as intracoronary Doppler-ultrasound catheters, which
the largest shopping centers in Germddy], representing are expensive and involve additional risks. Further, the den-
their estimates of the duration of their stay in the cefiter,  siometric method determines the vascular volume by only an
their estimated “transit timeg)! For simplicity, we assume approximative method, which is generally criticizgi4].
that these estimates reflect the true situation with sufficienThe network of characterizing functions inspired a new way
precision(and that the population is sufficiently stationary of data processing15], yielding both the absolute volume
Interestingly, although referring to transit times, this curveflow | and the total volumeV just from the angiographic
does not givey(7) since it reflects the distribution among the extinction curves, which giveg, Vo, andg,. It represents
customerswithin the center. In contrast, the conversion of an application of general equations like E¢d. and(5) and
this modified transit time distributiom(7) into the function = makes use of the fact thaf,,,s;; can be calculated in several
x(7) [Fig. 3(b)] by expressiorf2) in Fig. 1 yields the fictive different ways. This enabled a better exploitation of the in-
result if the interviews would have taken plaaethe exit formation contained in the measured data.
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IV. CONCLUSION used to determine any other of them, as well as the system

response to changes in the surrounding. Thus it turns out that

The presented equations .W'th the mvo_lved functions can, particular feature of the system may be inferred from an-
be applied quite universally in the analysis of the exchang%ther seemingly completely different one. In each of the

dynamics _Of open stationary systems, to l:_)e encountered Whree presented examples of current research interest, the net-
merously in nature and society. Although individual ones of

these relations are in daily use in several branches of scien%ve?frk of interrelated cr:]h?r?ﬁtenzmg _:;unctlon_s Waﬁ , In quite
(see, e.g.[4]), so far the remarkable generality of the net- fiferent ways, most helpful to provide new insights.

work of interrelated characterizing functions is not, to our

knowledge, commonly appreciated. Being a comfortable tool ACKNOWLEDGMENTS
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